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Understanding the spreading of quantum correlations in out-of-equilibrium many-body systems
is one of the major challenges in physics. For isolated systems, a hydrodynamic theory explains the
origin and spreading of entanglement via the propagation of quasi-particle pairs. However, when
systems interact with their surrounding much less has been established. Here we show that the
quasi-particle picture remains valid for open quantum systems: while information is still spread
by quasiparticles, the environment modifies their correlation and introduces incoherent and mixing
effects. For free fermions with gain/loss dissipation we provide formulae fully describing incoherent
and quasiparticle contributions in the spreading of entropy and mutual information. Importantly,
the latter is not affected by incoherent correlations. The mutual information is exponentially damped
at short times and eventually vanishes signalling the onset of a classical limit. The behaviour of
the logarithmic negativity is similar and this scenario is common to other dissipations. For weak
dissipation, the presence of quasiparticles underlies remarkable scaling behaviors.
Introduction.– Recent years have witnessed tremen-
dous breakthroughs in understanding the origin and
spreading of entanglement in out-of-equilibrium many-
body systems. In particular, a well-established hydro-
dynamic picture, predicated on the existence of stable
quasiparticles, allows for the description of the entangle-
ment dynamics in integrable systems [1–3]. The unique
ability of these systems to transfer quantum correlations
can be potentially leveraged in quantum technologies [4]
and their implementations in quantum computers are
now within reach [5]. Unfortunately, in realistic settings,
a coupling with an environment is unavoidable and typ-
ically induces a quick decay of quantum coherence.
This loss of quantum information is also the key of the
black-hole information paradox [6–8]. Black holes can
evaporate by emitting Hawking radiation in a perfectly
mixed state. Thus, one is left with the conundrum that
an initially pure state (the black hole) gets transformed in
a mixed one (radiation) after the black-hole evaporates.
As it was pointed out by Page [9, 10], the paradox is
apparent after the black hole is half evaporated at tPage ≈
tevap/2. Interestingly, operational schemes to solve this
paradox are based on decoherence [11, 12]. Their virtue
is that even a small decoherence dramatically reduces the
mutual information between the inside and the outside
of the black-hole [13], delaying the onset of the paradox
to times when the black hole is nearly evaporated, and
the semiclassical treatment [6] might break down.
This demonstrates how understanding the fate of en-
taglement in open quantum systems will have immediate
impact on very different branches of physics. Still, mod-
elling quantum information loss, or even sieving genuine
quantum coherence from classical correlations, is consid-
ered a daunting task. Here, for the first time, we show
that these aspects can be understood within the hydro-
dynamic theory and encapsulated in properties of quasi-
particles.
We adopt the framework of Markovian open quan-
A B
FIG. 1. Sketch of a fermionic open quantum chain. We con-
sider different dissipative effects. Rates γ± are related to
fermion creation and annihilation. γh and γd are, instead,
rates for incoherent hopping of fermions and dephasing, re-
spectively. Here the coefficient J represents the amplitude of
coherent hopping. The chain is bipartite as A ∪B.
tum dynamics [14]. In these settings (weak system-
environment coupling and absence of memory effects),
the time-evolution of any initial density matrix ρ0 is gen-
erated by the Lindblad master equation ρ˙t = L[ρt] with
the Liouvillian L being [14]
L[ρ] = −i[H, ρ] +
∑
µ
(
LµρL
†
µ −
1
2
{L†µLµ, ρ}
)
. (1)
Here −i[H, ρ] describes the coherent evolution under a
many-body Hamiltonian H, whereas Lindblad operators
Lµ effectively account for the presence of an environment.
We consider a fermionic chain with L sites (see Fig. 1)
and denote standard creation and annihilation opera-
tors as c†m, cm for each site. We focus on the XX
chain Hamiltonian H =
∑L
m,n=1 hmnc
†
mcn + h.c. with
hnm = Jδ|n−m|,1. We discuss several sources of dissi-
pation, namely gain/loss, i.e., creation and annihilation
of fermions in all sites, incoherent hopping and dephas-
ing. Gain/loss is described by L+m =
√
γ+c†m and L
−
m =√
γ−cm. A similar Lindbladian has been considered very
recently in Ref. 15. Incoherent hopping [16] corresponds
to LL,m =
√
γhc
†
mcm+1 and LR,m = L
†
L,m describing
jumps of particles on the left or on the right. Finally, de-
phasing is modelled by Ld,m =
√
γdc
†
mcm. We study the
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2dynamics ensuing from the Ne´el state |N〉 ≡ |↑↓↑ · · · 〉,
although any product state can be treated analogously.
To quantify information spreading we divide the sys-
tem into two parts, as A ∪ B (see Fig. 1). From the
reduced density matrix ρA/B we define the Re´nyi en-
tropies S
(α)
A/B = 1/(1 − α) ln TrραA/B , withα ∈ R. The
von Neumann entropy is obtained by taking α → 1
as SA/B ≡ −TrρA/B ln ρA/B . The mutual information
I(α)A = S
(α)
A + S
(α)
A − S(α)A∪B is thus a measure of the total
correlation between a A and B. The logarithmic nega-
tivity [17–27] is instead a genuine measure of the entan-
glement. This is obtained from the partial transpose ρTA,
with 〈ϕi, ϕ¯j |ρTA|ϕ′i, ϕ¯′j〉 = 〈ϕi, ϕ¯′j |ρTA|ϕ′i, ϕ¯j〉, where |ϕi〉
and |ϕ¯i〉 are two orthonormal bases for A and B. For
free fermions, ρTA = (e
−ipi4O+ +ei
pi
4O−)/
√
2, with O± two
gaussian operators [28] . Thus, ρTA is not gaussian and
the computation of the logarithmic negativity is difficult
even for free fermions. Recently, an alternative negativ-
ity, E ≡ ln Tr√O+O−, has been introduced [26]. E is an
entanglement monotone under local operations and clas-
sical communication preserving the local fermion-number
parity [29] and can be easily computed (see Appendix F).
In out-of-equilibrium integrable systems after a quan-
tum quench [30–33], the quasiparticle picture [1–3, 34]
allows one to describe the dynamics of the von Neumann
entropy [3], the steady-state Re´nyi entropies [35–38], and
the mutual information [34, 39], also for quenches from
inhomogeneous initial states [40–43]. Remarkably, it has
been shown that E = I(1/2)A /2 [44], then verified in holo-
graphic calculations [45], and observed in systems with
defects [46]. In the quasiparticle picture the initial state
acts as a source of pairs (or multiplets [47–49]) of en-
tangled quasiparticles. As they propagate, they entangle
larger and larger portions of the system. The entangle-
ment entropy S(t) is proportional to the number of en-
tangled pairs that at time t are shared between A and B.
For generic integrable systems, both interacting and free,
the local steady-state physics is described by a General-
ized Gibbs Ensemble [30–33] (GGE). Remarkably, the
entanglement content of the quasiparticles is the GGE
thermodynamic entropy, whereas the quasiparticles ve-
locity is calculated from the excitations above the GGE
macrostate [3]. How does such scenario change in open
quantum systems? Here we show that for open quantum
free-fermionic systems subject to linear [50] diagonal dis-
sipation the information dynamics is indeed captured by
a modified quasiparticle picture. This allows for a com-
plete analytical description of S(α) and I(α)A . Crucially,
the environment affects the correlation content of the
quasiparticles, and creates also classical contributions.
Interestingly, the mutual information is only sensitive to
the contribution from quasi-partices, and its dynamics
closely reflects that of the negativity, despite not being a
proper entanglement measure. For weak dissipation we
reveal the remarkable scaling behavior
γS(α) = fα(γt, γ`), γE = g(γt, γ`), (2)
with fα(x) and g(x) two scaling functions, and γ the
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FIG. 2. Effect of gain/loss dissipation in the XX chain after
the Ne´el quench. γ± are dissipation rates. (a) Dynamics of
the entropy S for γ+ = 0. ` is the subsytem size. Symbols
are exact numerical data. Dashed-dotted lines denote (13).
(b) Dynamics of IA. (c) Dynamics of Sq (cf. (11)). Now the
dashed dotted lines denote the large t results (c.f. (12) (H19)).
relevant dissipation rate. Similar scaling persists for both
incoherent hopping and dephasing, suggesting robustness
of the quasiparticle picture to non-quadratic dissipative
contributions.
Gain/loss dissipation.– For gain/loss dissipation the
Lindblad generator (1) is quadratic. The ensuing dy-
namics maps Gaussian states onto Gaussian states. The
system is thus completely characterized by its two-point
correlation functions. Assuming that at t = 0 one has
〈cmcn〉 = 0 and 〈cm〉 = 0, the relevant covariance matrix
is Gt ≡ 〈c†mcn〉t. The Re´nyi entropies are obtained from
the eigenvalues λi of Gt restricted to A (cf. (4)) as [51]
S(α) = 1/(1−α)∑i ln[λαi + (1−λi)α]. The time-evolved
Gt is given by
Gt = e
tΛG0e
tΛ† +
∫ t
0
dz e(t−z) ΛΓ+e(t−z) Λ
†
, (3)
with Λ = ih− 1/2(Γ+ + Γ−), where h is the Hamiltonian
matrix, and Γ±mn = γ
±δmn.
It is useful to introduce the unitarily-evolved correla-
tion matrix G˜t = e
ihtG0e
−iht. Since Γ± is diagonal, the
eigenvalues λi of Gt are
λi = n∞(1− b(t)) + λ˜ib(t), (4)
with λ˜i being the eigenvalues of G˜t, and
n∞ ≡ γ
+
γ+ + γ−
, b(t) ≡ e−(γ++γ−)t. (5)
Let us first consider a quench from the ferromagnet |F〉 ≡
|↓↓ · · · 〉, with homogeneous local fermionic occupation
nt. Physically, nt satisfies the simple rate equation
dnt = (1− nt)γ+dt− γ−ntdt. (6)
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FIG. 3. Entanglement dynamics after the Ne´el quench in the XX chain with dissipation: diagonal gain/loss with rates γ±
(a), non-diagonal gain/loss with rates γ±, γ∗ (b), incoherent hopping with rate γh (c), and dephasing with rate γd (d). Panels
(a-d) show E . In all cases entanglement is created only up to t ≈ 1/γ with γ = γ±, γh, γd. For diagonal gain/loss one has
E ∝ exp(−2(γ+ + γ−)t) (dashed dotted line in the inset in (a)). In (b) the dashed-dotted line is E ∝ exp(−2(γ−+γ+)(γ−2)t).
Note that for γ = 2 the generator is gapless. Dissipation is off-diagonal resulting in a finite steady state value of E . For
incoherent hopping and dephasing E decays at t  `. For t  `, i.e., in the steady state, E attains a finite small value. (e-g)
Mutual information IA plotted as a function of time.
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FIG. 4. Scaling behavior of E and of I(1/2)A (left and right
column, respectively). Different panels are for different types
of dissipation: gain/loss (a), incoherent hopping (b), and de-
phasing (c), with dissipation rates γ+, γh, γd. The scaling
limit is defined as t, `,→∞, γ → 0, with t/` and γ`, γt fixed.
Eq. (6) reflects that the probability to create a fermion in
the interval [t, t+ dt] is (1− nt)γ+dt, whereas a fermion
is removed with probabilty ntγ
−dt. The solution of (6)
is straightforward as
nt = n∞
{
1−
[
(1− n0)− γ
−
γ+
n0
]
e−(γ
++γ−)t
}
, (7)
where n0 is the initial occupation. Let us now consider
the Ne´el state |N〉 ≡ |↑↓↑ · · · 〉. Translational invariance
is restored during the dynamics, and nt is obtained by
replacing n0 with its average 〈n0〉 in Eq. (7). For the
Ne´el state 〈n0〉 = 1/2. The validity of Eq. (6) and (7) is
numerically verified in Appendix B.
For open systems the Re´nyi entropies contain both in-
coherent and coherent contributions, where with coherent
we mean those attributed to quasiparticles. As we shall
see, a crucial role is played by the Yang-Yang entropies
S(α)cl , defined from nt (cf. (7)) as
S
(α)
cl =
`
1− α ln(n
α
t + (1− nt)α), (8)
where ` is the size of the portion of the chain considered.
For α→ 1 one obtains Scl = −`(nt lnnt + (1−nt) ln(1−
nt)). We now observe that for the quench from |F〉 the
coherent contribution vanishes, as there are no quasipar-
ticles. Thus Eq. (8) with n0 = 0 (cf. Eq (7)) entirely
determines the entropies (see Appendix B). This is dif-
ferent for the Ne´el state. We first consider the incoherent
contribution. Within the quasiparticle picture this de-
termines completely the full-system entropies, since the
quasiparticles never leave the chain from its boundaries.
Let us consider a quench from a product state obtained
by translation of a unit cell with N↑ up spins and N↓
down spins. In the absence of dissipation the spectrum
of Gt calculated over the full system is trivial at any
time and it contains N↑(N↓) eigenvalues 1(0). In the
presence of dissipation the dynamics is described by the
rate equation (6), implying that at time t, Gt has N↑[N↓]
eigenvalues nt(n0 = 1)[nt(n0 = 0)]. This implies that the
full-system entropies are (see also Appendix B)
〈S(α)cl 〉 =
N↑S
(α)
cl (n0 = 1) +N↓S
(α)
cl (n0 = 0)
N↓ +N↑
. (9)
It is natural to wonder whether the entropy of the average
S
(α)
cl (〈n0〉) plays any role. Note that since the “melting”
of the initial inhomogeneity happens because of coherent
hopping, one should expect S(α)(〈n0〉) to give a coherent
contribution. For the following it is useful to observe that
〈S(α)(n0)〉 = S(α)(〈n0〉) in the limit t→∞.
4We now consider the entropies of a finite interval. To
reveal the coherent contribution due to quasipartices it
is convenient to consider the large t limit of the von Neu-
mann entropy. By using (4) we obtain
S = Scl(t→∞) +
∑
i
{
2b(λ˜i − n∞)atanh(1− 2n∞)
+
(n∞ − λ˜i)2
2n∞(n∞ − 1)b
2 + o(b2)
}
, (10)
where λ˜i are introduced in (4). Eq. (10) can be simplified
by using that
∑
i λ˜i = 〈n0〉`. Interestingly, up to orderO(b) Eq. (10) coincides with the large t expansion of
〈S(n0)〉. This suggests to define the coherent part Sq as
Sq ≡ S − 〈Scl(n0)〉 =
e−2(γ
++γ−)t
2n∞(n∞ − 1)
[∑
i
( ν˜2i − 1
4
)
+ 〈n0〉 − 〈n20〉
]
. (11)
Here we have ν˜i ≡ 2λ˜i − 1. For an initial product state,
which is also eigenstate of the total number operator, one
has n0 − 〈n20〉 = 0. Eq. (11) depends on λ˜i, suggesting
that Sq is sensitive to coherent quasiparticle correlations,
whereas the damping factor accounts for decoherence.
We mention that a similar cancellation of the incoher-
ent part as in (11) is encoded by construction in E (see
Appendix F), reflecting that the negativity is a genuine
entanglement measure. To proceed, we observe that in
free-fermion systems
∑
i(ν˜i)
p can be calculated analyti-
cally [52] for any p (see Appendix H). For the Ne´el quench
for t ` one obtains
Sq ≈ 4t
pi
e−2(γ
++γ−)t
n∞(1− n∞) . (12)
A similar result for S(α)q is reported in Appendix H. Inter-
estingly, Eq. (12) suggests that quasiparticles have finite
lifetime 1/(γ+ +γ−), but this is not the only effect of dis-
sipation. Indeed, the quasi-particle correlation content is
not ln(2) as in the pure case. Remarkably, we can resum
the large t expansion of Eq. (11) (see Appendix H). This
yields
S(α) =
∫
dλ
2pi
[
max(1− 2|v|t/`, 0)〈S(α)cl (n0)〉
+ min(2|v|t/`, 1)S(α)cl (〈n0〉)
]
, (13)
with v(λ) = sin(λ) the fermion velocity. Eq. (13) holds
in the scaling limit t, ` → ∞, γ± → 0 with t/` and γ±`,
γ+/γ− fixed, however, it is also quite accurate for mod-
erately large γ± and small `. From (13), the scaling be-
havior (2) is apparent (note that Scl ∝ `). It is enlight-
ening to consider the limit vmaxt/` < 1. Clearly, Eq. (13)
contains the incoherent contribution 〈Scl(n0)〉. Concomi-
tantly, the term
∫
dλ/(2pi)|v|t[S(α)cl (〈n0〉) − 〈S(α)cl (n0)〉],
which coincides with Sq (cf. (11)), describes the coher-
ent contribution due to quasiparticle pairs. Interestingly,
the second term in the square brackets reveals how the
environment suppresses the quasi-particle correlation. A
striking consequence of (13) is that I(α)A is sensitive to the
coherent term only. If A (cf. Fig. 1) is the semi-infinite
chain, it is straightforward to check that I(α)A = 2S
(α)
q .
Eq. (13) exhibits an interesting behavior at short times
t 1/γ±. It is easy to show that
〈S(α)cl (n0)〉 →

α
2(α−1) t`(γ
+ + γ−) α > 1
tα`
2(1−α) ((γ
+)α + (γ−)α) α < 1
− t`2
∑
a=± γ
a(ln tγa − 1) α = 1
(14)
Crucially, 〈S(α)〉 vanishes for γ+, γ− → 0, revealing its in-
coherent origin. Oppositely, one has S(α)(〈n0〉)→ ` ln 2,
as without dissipation. We notice that Eq. (14) pre-
dicts a non-linear growth with time for the entropy, even
for t  1/γ±, in contrast with the random unitary sce-
nario [53–57].
Numerical results.– We now provide some numerical
results. In Fig. 2 (a) we focus on the von Neumann en-
tropy. The dashed dotted lines denote (13), and are in
perfect agreement with exact numerical data. The agree-
ment is excellent already for ` = 20, in contrast with the
unitary case (see Ref. 2) where t, ` → ∞ is needed. In
Fig. 2 (b) we discuss IA. Again, already for ` = 20 the
numerical data are in spectacular agreement with theo-
retical predictions from Eq. (13). In Fig. 2 (c) we discuss
the large t limit of S(α)q (cf. (11)). For all the values of
α, γ±, `, the agreement with the theory is perfect.
We now discuss the negativity E in Fig. 3. In Fig. 3
(a) we show E for gain/loss dissipation. The behav-
ior is qualitatively similar to that of IA, with a non-
linear increase up to t ≈ 1/(γ+ + γ−), followed by an
exponential decay (see the inset) at long times. This
reflects that the Liouvillian has a gap γ+ + γ−. In
Fig. 3 (b) we consider the off-diagonal gain/loss matri-
ces Γ±mn = γ
±(γ∗δmn + δm,n−1 + δm,n+1), where γ∗ ≥ 2.
Now, the Liouvillian is gapless for γ∗ = 2. Figure 3 shows
that for γ > 2, E decays exponentially as in (a). Surpris-
ingly, for γ∗ = 2, E attains a finite, albeit small, value at
t→∞. For γ∗ > 2, the decay seems to be well described
by E ∝ exp(−2(γ+ + γ−)(γ∗ − 2))t.
In Fig. 3 (c-d) we consider incoherent hopping and
dephasing, respectively, with rates γh, γd (see Ap-
pendix C D). The generator is no longer quadratic, al-
though Gt can be obtained efficiently. Here we consider
S(α) and E as defined from Gt, neglecting deviations from
gaussian behavior. As it is clear from Fig. 3 (c-d), E in-
creases in a non-linear way up to t ≈ 1/γ, and decreases
for t→∞. In both cases E attains a finite value E ≈ 10−6
at t `, which could be attributed to the existence of a
metastable prestationary regime. Finally, in Fig. 3 (e-g)
we show that the qualitative behavior of E and IA are
similar.
A striking prediction of (13) is that S(α) exhibits the
scaling (2). This is inherited by I(α)A . It is natural to
5expect that the quasiparticle picture holds for E . In
Fig. 4 we compare γE and γI(1/2)A /2 plotted versus γt
(γ = γ±, γh, γd). Clear scaling behavior is visible in all
cases. Crucially, the scaling functions describing E and
I(1/2)A are different, unlike the unitary case (see Ref. 44).
Conclusions.– We have provided the first exact for-
mulae describing information spreading in open quan-
tum systems. There is an enourmous scope for future
research. First, there is the need to verify our results
in different models and for different initial states. Sec-
ond, our results lay the foundation for generalizations of
the quasiparticle picture to dissipative interacting inte-
grable models. This would allow to study the interplay
between interactions and dissipation [58] in the entangle-
ment dynamics. Furthermore, it is extremely important
to generalize (13) for the negativity. Finally, as observed,
dissipation can serve to mitigate scaling corrections: this
certainly deserves further investigation in numerical sim-
ulations and in experiments.
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Appendix A: A simple proof of the scaling (2)
In this section we show that the scaling behavior (2)
γE = g(γt, γ`) (A1)
can be derived by assuming that the quasiparticle picture
holds and that the quasiparticles have a finite lifetime.
We focus on the negativity E between subsystem A
and the rest (see Fig. 1), considering the limit L → ∞.
Within the quasiparticle picture, the negativity is pro-
portional to the number of quasiparticles that are shared
between A and its complement. This implies that
E =
∫ pi
0
dλ
∫ L
0
dx
∫
x′∈A
dx′
∫
x′′∈A¯
dx′′
{
e(λ)δ(x′ − x− v(−λ)t)δ(x′′ − x− v(λ)t)
}
, (A2)
where x is the point from which the entangled pair
is emitted, and λ is the quasimomentum. Note that
we perform the integral over half of the Brillouin zone
λ ∈ [0, pi]. We definite the two intervals as A = [0, `]
and A¯ = [` + 1, L]. Here e(λ) is the contribution of the
quasiparticles to the negativity. We can perform the in-
tegration over x′ to obtain
E =
∫ pi
0
dλ
∫ L
0
dx
∫
x′′∈A¯
dx′′
{
e(λ)θ(x+v(−λ)t+`)θ(`−x−v(−λ)t)δ(x′′−x−v(λ)t)
}
.
(A3)
Here the term θ(x + v(−λ) + `) takes into account that
the quasiparticles can bounce on the origin and exit sub-
7system A at later times. The integration over x′′ gives
E =
∫ pi
0
dλ
∫ L
0
dx
{
e(λ)θ(x− v(λ)t+ `)θ(`−x+ v(λ)t)
× θ(x+ v(λ)t− `)θ(L− x− v(λ)t)
}
, (A4)
where we used that v(λ) = −v(λ). We now assume that
L → ∞. This implies that θ(L − x − v(λ)t) = 1 for any
λ, t. Thus, the expression above becomes
E = 2
∫ pi
0
dλmin(v(λ)t, `)e(λ) (A5)
In the presence of the environment, we assume that the
probability for a quasiparticle with quasimomentum λ to
survive up to time t is exp(−γt), with γ the relevant rate.
The calculations leading to (A5) remain the same, the
only modification is a multiplicative factor exp(−2γt),
which is the probability for both the members of the en-
tangled pair to survive. Clearly, now (A5) satisfies the
scaling (2).
Appendix B: Some numerical checks for gain/loss
Lindbladians
In this section we provide some numerical checks of (7).
We also discuss the theory prediction for the full-system
von Neumann entropy ST , which depends only on the
incoherent contribution.
In Fig. 5 we compare Eq. (7) with exact numerical
data obtained by using (3). In the top panel we consider
the quench from the ferromagnetic state |F〉 in the XX
chain. We also consider the quench from the Ne´el state
(bottom panel). For |F〉 the initial correlation matrix
is exactly zero, whereas for the Ne´el state it is given as
G0 = (1 − (−1)i)/2δij). In both panels, the numerical
data obtained from (3) are well described by (7). We note
that for the quench from the Ne´el state and γ+ = 0.05
there are oscillating corrections to (7), which disappear
in the long-time limit. These signals that for small γ±
the system remain coherent for short times.
The behavior of the full-system entropy is checked in
Fig. 6. The figure shows the density of entropy ST /L
of the full chain for the quenches from |F〉 and the Ne´el
state. For |F〉 the von Neumann entropy is obtained by
using (7), with n0 = 0 in (8), whereas for the Ne´el state
we used (9).
Appendix C: Two-point functions for incoherent
hopping
In this section we review the approach to determine
the two-point correlation function G = 〈c†ncm〉 in free-
fermion systems. We follow Ref. 16.
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FIG. 5. Dynamics of the local density of fermions n in
the XX chain in the presence of linear diagonal dissipation.
(top) Results for the dynamics starting from the ferromag-
netic state. (bottom) The same as in (top) for the quench
from the Ne´el state. In both panels the symbols are exact
numerical results, the dashed-dotted lines are the analytical
results in (7). Note also that for γ+ = 0.05 and γ− = 0 strong
oscillations are present for the Ne´el quench.
Let us consider Majorana fermions am as
a2m−1 = cm + c†m (C1)
a2m = i(cm − c†m) (C2)
with anticommutation relations {ak, al} = 2δkl. We con-
sider the generic Hamiltonian
H =
i
4
∑
k,l
Hklakal, Hkl = −Hlk (C3)
We also consider the generic Lindblad operator Lα
Lα =
i
4
∑
k,l
Lα,klakal (C4)
It is important for the following to define a generic or-
dered string of Majorana operators Γν as
Γν = a
ν1
1 a
ν2
2 . . . a
ν2L
2L (C5)
Here νi ∈ {0, 1} are the occupation numbers in the string.
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FIG. 6. Dynamics of the entanglement entropy of the full
system in the presence of gain/loss. The system is the XX
chain. The data are for the quench from the Ne´el state (cir-
cles and triangles) and the ferromagnetic state (diamonds and
squares). The dashed dotted lines denote the analytical re-
sults obtained from (8) and (7).
We also define Majorana superoperators aˆj with action
aˆjΓν = δ1,νjpijΓν′ (C6)
aˆ†jΓν = δ0,νjpijΓν′ , (C7)
where ν′j = 1− νj . The phase factor
pij = exp
(
ipi
j−1∑
k=1
νk
)
(C8)
ensures the fermionic anticommutation relations
{aˆk, aˆ†l } = δkl. It is easy to prove that
[akal,Γν ] = 2(aˆ
†
kaˆl − aˆ†l aˆk)Γν (C9)
For instance, the r.h.s. of (C9) becomes
2(−1)l−kpikpil(δ1,νlδ0,νkΓν′ + δ0,νlδ1,νkΓν′′) (C10)
where ν′l = 0 = 1− ν′k and ν′′l = 1 = 1− ν′′k . It is easy to
check that if νl = νk the term akal commutes with Γν .
If νl 6= νk one has that
akalΓν = −Γνakal, (C11)
which allows to prove (C9). By using (C9) one can derive
the coherent part of the evolution as
i[H,Γν ] = −
∑
k,l
Hklaˆ
†
kaˆl. (C12)
The incoherent contributions in (1) can be calculated as
well. By using (C4) one obtains
Ld(Γν) ≡ 1
16
∑
α
(
L†αΓνLα −
1
2
{L†αLα,Γν}
)
=
− 1
32
∑
α,ijkl
(
2Lα,ijaiajΓνLα,klakal
− {Lα,ijLα,klaiajakal,Γν}
)
, (C13)
where we used that Lα,ij = −Lα,ji. Simple manipula-
tions yield
Ld(Γν) = 1
32
∑
α,ijkl
Lα,ijLα,kl[aiaj , [akal,Γν ]]. (C14)
By applying (C9), one has
Ld(Γν) = 1
2
∑
α,ijkl
Lα,ijLα,klaˆ
†
i aˆj aˆ
†
kaˆlΓν . (C15)
By using that Lij = −Lji = −LTij , and upon normal
ordering, one obtains that the Liouvillian in (1) is given
as
L = −
∑
kl
H˜klaˆ
†
kaˆl +
1
2
∑
α
∑
ijkl
LTα,ijLα,klaˆ
†
i aˆ
†
kaˆj aˆl,
(C16)
where we defined H˜kl as
H˜kl = Hkl +
1
2
∑
α
LTα,klLα,kl. (C17)
Let us now consider the XX hamiltonian. In terms of
Majorana fermions one has
Hkl = −(δk,l−1 + δk,l+1)⊗
(
0 −1
1 0
)
(C18)
We choose the Lindbladians corresponding to incoherent
hopping [16]
L2j−1,kl =
√
γh
2
(δk,jδl,j+1
+ δk,j+1δl,j)⊗
(
0 −1
1 0
)
(C19)
L2j,kl =
√
γh
2
(δk,jδl,j+1 − δk,j+1δl,j)⊗
(
1 0
0 1
)
(C20)
1
2
∑
α
LTαLα = δkl ⊗
(
1 0
0 1
)
(C21)
It is convenient to work with the fermionic superopera-
tors
aˆ−,m =
1√
2
(aˆ2m−1 − iaˆ2m), (C22)
aˆ+,m =
1√
2
(aˆ2m−1 + iaˆ2m) (C23)
which diagonalize the two-by-two matrix appearing
in (C18) with eigenvalues ±i. The inverse of (C22)(C23)
is
aˆ2j−1 =
1√
2
(aˆ−,m + aˆ+,m), (C24)
aˆ2j =
i√
2
(aˆ−,m − aˆ+,m). (C25)
9Now, from (C16) one obtains
L = L+ + L− + L+−. (C26)
Here we defined
L± =
L∑
m=1
[
i(aˆ†±,maˆ±,m+1+aˆ
†
±,m+1aˆ±,m)−γhaˆ†±,maˆ±,m
+ γhaˆ
†
±,maˆ±,maˆ
†
±,m+1aˆ±,m+1
]
(C27)
L+− =
L∑
m=1
γh
[
aˆ†−,maˆ−,m+1aˆ
†
+,maˆ+,m+1
+ aˆ†+,m+1aˆ+,maˆ
†
−,m+1aˆ−,m
]
(C28)
To proceed, one has to determine the action of the
fermionic superoperators on a string of fermions. A sim-
ple calculation gives that the only nonzero combinations
are
aˆ−,ka†m =
1√
2
δkm (C29)
aˆ+,kam =
1√
2
δk,m (C30)
aˆ†−,k =
√
2a†k (C31)
aˆ†+,k =
√
2ak. (C32)
Now one can derive the evolution of Gnm = 〈a†nam〉 by
using that
d
dt
Gkl = 〈L(a†kal)〉. (C33)
One obtains the system of equations as
d
dt
Gkl = i(Gk−1,l +Gk+1,l −Gk,l−1 −Gk,l+1)
− 2γhGk,l + γhδk,l(Gk−1,k−1 +Gk+1,k+1). (C34)
1. The case of two qbits
It is interesting to study the logarithmic negativity of
a two-qbits system. Here we consider the vectorized cor-
relation matrix Gk. From (C34), the evolution of Gk is
determined by
dGk
dt
=
∑
l
MklGl, (C35)
with the matrix Mkl given as
Mkl =
 −2γh −i i 2γh−i −2γh 0 ii 0 −2γh −i
2γh i −i −2γh
 (C36)
0 10 20 30 40
time
1e-12
1e-08
0.0001
1
ε
γh=0.125
exp(-3γht)
FIG. 7. Dynamics of the negativity between two spins in the
XX chain with incoherent hopping with rate γh. The initial
state is the Ne´el state. The continuous line denotes exact
results. The dashed-dotted line is ∝ e−3γht.
Note that M is complex and symmetric. The eigenvalues
of M are given as
λ0 = 0 (C37)
λ1 = −2γh (C38)
λ± = −3γh ±
√
γ2h − 4 (C39)
with eigenvectors (not normalized)
v0 = (1, 0, 0, 1) (C40)
v1 = (0, 1, 1, 0) (C41)
v− = (−1, i(−γh +
√
γ2h − 4)/2,
− i(−γh +
√
γ2h − 4)/2, 1) (C42)
v+ = (−1, i(−γh −
√
γ2h − 4)/2,
− i(−γh −
√
γ2h − 4)/2, 1) (C43)
The matrix M is diagonlized as D = UMUT by the
matrix Uij = v˜ij . The eigenvectors are normalized as
v˜i = vi/(
∑
j v
2
ij)
1/2. The solution of (F5) is obtained
G(t) =
∑
l
Mkl(t)Gl(0), (C44)
where
M(t) = eλ1t|v˜1〉〈v˜∗1 |+ eλ+t|v˜+〉〈v˜∗+|
+ eλ−t|v˜−〉〈v˜∗−|. (C45)
To proceed one has to apply M(t) to the vector with the
initial correlations. From the time-evolved correlators
it is straightforward to obtain the negativity associated
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with the bipartition in which A is one of the two spins
(see Appendix F).
There are several interesting observations. First, there
is a regime for γh < 2 (weak incoherence) where quantum
coherence to a certain extent survives. This is reflected
in an oscillating behavior of E with period pi/(4−γ2h)1/2,
superposed to an exponential decay. On the other hand,
for γh > 2 (strong incoherence), the decay of E is purely
exponential. Finally, we should observe that the expo-
nential decay is E ∝ e−3γht, and not E ∝ e−2γht, as one
would have expected from (C38). This is because of the
structure of the Ne´el state. This features are illustrated
in Fig. 7.
Appendix D: Two-point function for dephasing
We now consider dephasing noise. Now the Lindblad
operators are given as
LLj = LRj =
√
γdc
†
jcj (D1)
Note that the Lindbladian is hermitian, in contrast with
the case of incoherent hopping. In terms of Majorana
fermions one can write
√
γdc
†
jcj =
√
γd
4
(a2ja2j + a2j−1a2j−1
− ia2j−1a2j + ia2ja2j−1). (D2)
Therefore we can write the Lindblad operator
Lα =
i
4
∑
k,l
Lα,klakal, (D3)
with
L2α−1,kl =
√
γd(−iδk,2α−1δl,2α−1
− iδk,2αδl,2α − δk,2α−1δl,2α + δk,2αδl,2α−1)
(D4)
L2α,kl = 0. (D5)
Eq. (C14) holds for the dephasing as well. By using (C9),
it is straightforward to obtain that
Ld(Γν) = 1
8
∑
ijkl
Lα,ijLα,kl(aˆ
†
i aˆj aˆ
†
kaˆl − aˆ†i cˆj aˆ†l aˆk
− aˆ†j aˆiaˆ†kaˆl + aˆ†j aˆiaˆ†l aˆk)Γν . (D6)
One can use that Lα,lk = −L∗α,kl. This allows one to
write
Ld(Γν) = 1
8
∑
ijkl
(Lα,ijLα,kl + Lα,ijL
∗
α,kl
+ L∗α,ijLα,kl + L
∗
α,ijL
∗
α,kl)aˆ
†
i aˆj aˆ
†
kaˆl (D7)
It is convenient to use the operators aˆ±,m defined
in (C22) and (C23) Thus, Eq. (D7) becomes
Ld(Γν) = γd
2
L∑
m=1
(−aˆ†−,maˆ−,maˆ†−,maˆ−,m
− aˆ†+,maˆ+,maˆ†+,maˆ+,m + aˆ†+,maˆ+,maˆ†−,maˆ−,m
+ aˆ†−,maˆ−,maˆ
†
+,maˆ−,m)Γν (D8)
The expression above can be rewritten as
Ld(Γν) = γd
2
L∑
m=1
(−aˆ†−,maˆ−,m − aˆ†+,maˆ+,m
+ 2aˆ†+,maˆ+,maˆ
†
−,maˆ−,m)Γν (D9)
Finally, the evolution of the two-point correlation in the
presence of dephasing noise is given as
d
dt
Gkl = i(Gk−1,l +Gk+1,l −Gk,l−1 −Gk,l+1)
− γd(Gkl − δklGkk). (D10)
As expected, the effect of the dephasing is to suppress
off-diagonal correlations.
1. The case of two qbits
As for the case of incoherent hopping it is enlightening
to consider the negativity in a two-qbits system. The
evolution of the vectorized correlation matrix Gk is
d
dt
Gk =
∑
l
MklGl. (D11)
Now the matrix Mkl reads as
Mkl =
 0 −i i 0−i −γ 0 ii 0 −γ −i
0 i −i 0
 (D12)
The eigenvalues of M are given as
λ0 = 0 (D13)
λ1 = −γ (D14)
λ± = (−γ ±
√
γ2 − 16)/2 (D15)
with (not normalized) eigenvectors
v0 = (1, 0, 0, 1) (D16)
v1 = (0, 1, 1, 0) (D17)
v− = (−1, i(γ +
√
γ2 − 16)/4,
− i(γ +
√
γ2 − 16)/4, 1) (D18)
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FIG. 8. Dynamics of the negativity E between two spins
in the XX chain with two sites in the presence of dephasing
dissipation with rate γd. The initial state is the Ne´el state.
The continuous lines are exact results. The dashed-dotted
line is the behavior e−γdt.
v+ = (−1, i(γ −
√
γ2 − 16)/4,
− i(γ −
√
γ2 − 16)/4, 1) (D19)
As for the case of incoherent hopping (see (C44)) the
time-evolved correlation matrix is obtained from the ma-
trix M(t) given as
M(t) = eλ1t|v˜1〉〈v˜∗1 |+ eλ+t|v˜+〉〈v˜∗+|
+ eλ−t|v˜−〉〈v˜∗−|, (D20)
where v˜i are the normalized eigenvectors, as in (C45).
Some qualitative features of the negativity E is illustrated
in Fig. 8. Now the negativity decays as E ∝ e−γdt. More-
over, as for the incoherent hopping there are oscillations
for γd < 4, whereas only exponential decay for γd ≥ 4.
Appendix E: Additional data for incoherent hopping
Here we present some additional data for the behavior
of the negativity E in the XX chain in the presence of
incoherent hopping. Specifically, here we show that in
the long time regime t  ` with ` the size of subsystem
A, E attains a finite although small value.
Our data for several sizes ` of subsystem A and of the
chain L are reported in Fig. 9. The figure shows both
the negativity E and the coherent contribution of the von
Neumann entropy Sq (cf. (11)). The latter is obtained by
subtracting from S the incoherent contribution (cf. (9)).
Both E and Sq exhibit a similar decay. As it is clear
from the inset one has that E/Sq ≈ 2 for large times.
We observe that both quantities attain a finite value at
long times t `. For instance, the data for ` = 20 seem
to saturate at t ≈ 10 to a value 10−6. Interestingly, the
saturation happens later for larger values of ` = 40.
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FIG. 9. Dynamics of the negativity E after the quench from
the Ne´el state in the XX in the presence of incoherent hop-
ping with rate γh. The continuous lines denote the negativity,
whereas the dotted lines are for Sq (cf. (11)). The inset show
the ratio between the two. Note that at long times for t `
both E and Sq attain a finite small value 10−6.
Appendix F: Fermionic logarithmic negativity
In this section we detail the calculation of the negativ-
ity E introduced in Ref. 26 for free-fermion systems. To
define E , one introduces the fermionic correlation matrix
G′t as
G′mn = δnm − 2Gnm, n,m = 1, . . . , L, (F1)
where Gnm is the same as in Eq. (3). Now, given a par-
tition of the system as A1∪A2 (in Fig. 1 one has A1 = A
and A2 = B), one defines the matrices G
′
11, G
′
12, G
′
21, G
′
22
as
G′ =
(
G′11 G
′
12
G′21 G
′
22
)
(F2)
Here G′ij with i, j = 1, 2 are obtained from G
′
nm by re-
quiring that n ∈ Ai,m ∈ Aj . One now defines the ma-
trices G± as
G± =
( −G′11 ±iG′12
±iG′21 G′22
)
(F3)
Now one defines the matrix P as
P ≡ I+G+G−, (F4)
where I denotes the identiy matrix. The key ingredient to
define the fermionic negativity is the matrix GT defined
as
GT ≡ 1
2
(I− P−1(G+ +G−)). (F5)
Given the eigenvalues ξi of G
T and the eigenvalues ζi
of the covariance matrix G (see Eq. (3)), the fermionic
negativity E is defined as
E =
∑
j
ln[ξ
1
2
j +(1−ξj)
1
2 ]+
1
2
∑
j
ln[ζ2j +(1−ζj)2]. (F6)
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1. Cancellation of the incoherent contributions
Here we show that in the presence of gain/loss dissipa-
tion the incoherent contribution cancels out in the defini-
tion of E , at least up to order O(b), with b ≡ e−(γ++γ−)t.
Let us define as G˜ as the correlation matrix in the
absence of dissipation (see the main manuscript). In the
presence of gain/loss dissipation the matrix G′ (cf. (F2))
is rewritten as
G′ = (1− 2n∞)(1− b)I+ bG˜. (F7)
Here n∞ is defined in (5). One now has the two matrices
G± (cf. (F3)) as
G± = (1− 2n∞)
( −I1 0
0 I2
)
− b(1− 2a)
( −I1 0
0 I2
)
+ bG˜±. (F8)
Here G˜± are obtained from (F3) after replacing G′ij →
G˜ij , with i, j = 1, 2. Here Ii is the identity matrix re-
stricted to subysystem Ai. It is convenient to separate
the different powers of b. At the leading order in the
limit b → 0, i.e., t → ∞, after using (F8) one has that
the matrix P (cf. (F4)) is diagonal and it is given as
P = (1 + (1− 2n∞)2)I. (F9)
The correlation matrix GT (cf. (F5)) is also diagonal, and
it is given as
GT =
1
2
(
(1 + 2(1−2n∞)1+(1−2n∞)2 )I1 0
0 (1− 2(1−2n∞)1+(1−2n∞)2 )I2
)
(F10)
At the leading order, the covariance matrix G (see (3))
is n∞I. By using (F6), it is straightforward to show that
the negativity vanishes in the steady state.
A similar cancellation occurs for the terms O(b). Up
to first order O(b), P reads
P = (1 + (1− 2b)(1− 2n∞)2)I
+ 2b(1− 2n∞)
(
G˜11 iG˜12
−iG˜21 G˜22
)
(F11)
After keeping only the terms O(b), its inverse P−1 reads
P−1 =
1
1 + (1− 2n∞)2
[(
1 +
2b(1− 2n∞)2
1 + (1− 2n∞)2
)
I
− 2b(1− 2n∞)
1 + (1− 2n∞)2
(
G˜11 iG˜12
−iG˜21 G˜22
)]
(F12)
Up to terms O(b), the matrix GT reads
GT =
1
2
I− 1
2 + 2(1− 2n∞)2
[
2(1− 2n∞)
( −I1 0
0 I2
)
− 2b(1− 2n∞)
( −I1 0
0 I2
)
+ bG˜+ + b˜G−
+
4b(1− 2n∞)3
1 + (1− 2n∞)2
( −I1 0
0 I2
)
− 4b(1− 2n∞)
2
1 + (1− 2n∞)2 G˜
+
]
.
(F13)
We now use that the covariance matrix G is
G = n∞(1− b)I+ b
2
(I− G˜) (F14)
To proceed, one has to subsystitute (F14) and (F13)
in (F6), keeping only the terms O(b). A straightforward,
although tedious, calculation gives that at O(b) the neg-
ativity vanishes.
Appendix G: Effect of the pair destruction
In this section we provide some further evidence for
the validity of the quasiparticles picture for the nega-
tivity for the different sources of dissipation analyzed in
the manuscript. The idea is to consider an inhomoge-
neous dissipation. Specifically, here we consider the case
in which the Lindbladian acts only on the B part of the
chain (see Fig. 1). Moreover, we consider the quench from
an inhomogeneous initial state. Specifically, we prepare
subsystem A in the Ne´el state, whereas part B is pre-
pared in the ferromagnetic state. The physical picture is
the following. Genuine quantum correlations, which are
due to the creation of entangled pairs, are generated in
A. As the quasiparticles travel, they entangle A and B.
However, the presence of the Lindbladian on part B is
expected to suppress the negativity, because it destroys
one member of the entangled pair, implying that the en-
tanglement decays.
This is explicitly checked in Fig. 10 for the case of
diagonal dissipation (a), incoherent hopping (b), and de-
phasing (c). The figure shows E for a chain of L = 20
sites. Subsystem A is the half-chain prepared in the fer-
romagnetic state. For each value of γ±, γh and γd the
negativity exhibits a plateaux at t  `. The height of
the plateaux decays in the limit of large dissipation.
Appendix H: Trace formulas for free fermion
quenches
In this section we review the calculation of arbitrary
traces of the correlation matrix after a quench in free-
fermion models. We follow closely Ref. 52.
First, given the free-fermion creation and annihilation
operators c†j , cj acting on site j, let as define the Majo-
rana operators axj , a
y
j as
axj ≡ c†j + cj , ayj ≡ i(cj − c†j). (H1)
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FIG. 10. Dynamics of the fermionic negativity E in the XX chain in the presence of dissipation: pump/loss of particles
(a), incoherent hopping (b), and dephasing (c). To measure the effect of the breaking of the pair structure, the dissipation is
present only in the B part of the chain (see Fig. 1). Note that the negativity plateaux decay as 1/γ− and 1/γh, whereas for
the dephasing the decay is faster as 1/γ2d .
Let us define the matrix Γ as
Γnm =
[
δmn − 〈axnaxm〉 −〈axnaym〉
−〈aynaxm〉 δmn − 〈aynaym〉
]
. (H2)
The matrix Γ is antisymmetric and has eigenvalues ±νj .
This are related to the eigenvalues λj of the fermionic
correlation matrix Gnm ≡ 〈c†ncm〉 as
νj = 2λj − 1. (H3)
The matrix Γ is a 2 by 2 block Toeplitz matrix as
Γ =

Γ0 Γ−1 · · · Γ1−`
Γ1 Γ0
...
...
. . .
...
Γ`−1 · · · · · · Γ0
 , Γl =
( −fl gl
−g−l fl
)
,
(H4)
with fl, gl some functions. The so-called block symbol
Γˆ(k) is defined as the Fourier transform
Γl =
( −fl gl
−g−l fl
)
=
∫ pi
−pi
dk
2pi
eilkΓˆ(k) ,
with Γˆ(k) =
( −f(k) g(k)
−g(−k) f(k)
)
, (H5)
Let us assume that Γˆ(k) can be parametrized as
Γˆ(k) = nx(k)σ
(k)
x + ~n⊥(k) · ~σ(k)e2(k)tσ
(k)
x ,
with ~n⊥(k) · xˆ = 0. (H6)
Here σx,y,z are Pauli matrices, nx ∈ R, t a real parameter,
and ~n⊥ an arbitrary three-dimensional vector. In (H6)
(k) is an arbitrary function, although later we will iden-
tify it with the single-particle energy of the free-fermion
Hamiltonian. We also define σ
(k)
α as
σ(k)α ∼ ei ~w(k)·~σσαe−i ~w(k)·~σ, (H7)
and the vector ~w(k) can be arbitrary. The main result is
that
lim
t,`→∞
t/` fixed
Tr[Γ2β ]
2`
=∫ pi
−pi
dk0
2pi
max
(
1−2|′(k0)| t
`
, 0
)(
nx(k0)
2 + |~n⊥(k0)|2
)2β
+∫ pi
−pi
dk0
2pi
min
(
2|′(k0)| t
`
, 1
)
nx(k0)
2β . (H8)
Here ′(k0) is the derivative of . To use (H8) we notice
that given the symbol of the initial correlation matrices
Γˆ0, at generic time t one has
Γˆt(k) = e
−ih(k)tΓˆ0eih(k)t, (H9)
where h(k) is the symbol of the free-fermion Hamiltonian
generating the dynamics.
Importantly, the results above are valid for quenches
from translationally invariant initial states. Here we are
interested in the quench from the Ne´el state, which is not
translational invariant. However, it is possible to restore
translational invariance in the initial state by perfroming
the simple unitary transformation U
U =
∏
even j
σx,j . (H10)
Note that U is product of local unitary transformations,
which implies that it does not affect the entanglement
properties of the system. Clearly, U maps the Ne´el state
in the ferromagnet |F〉.
Here we are interested in quenches in the XX chain,
which is defined by the Hamiltonian
H =
∑
j
(σx,jσx,j+1 + σy,jσy,j+1). (H11)
Under application of U , the XX chain is mapped to
H =
∑
j
(σx,jσx,j+1 − σy,jσy,j+1). (H12)
14
0 0.5 1 1.5 2
t/ℓ
0
0.2
0.4
0.6
0.8
1
Tr
 (Γ
2β
)/(
2ℓ
)
L=200 ℓ=20 β=1
L=200 ℓ=40 β=1
L=300 ℓ=80 β=1
analytical
FIG. 11. Check of formula (H18) for the XX chain and the
quench from the Ne´el state.
This corresponds to the XY chain in the limit of infi-
nite anisotropy. Eq. (H11) is diagoanlized by a Fourier
transform. One obtains the single particle dispersion as
(k) = sin k. (H13)
The symbol h(k) of the Hamiltonian above is
h(k) = sin kσx. (H14)
Before applying (H8) we need to determine the evolved
symbol Γˆ of the correlation matrix. For the ferromagnet
|F〉, a straightforward calculation gives
Γ = δnmσy. (H15)
Now the the symbol of the evolved correlation matrix Γˆt
at time t reads as
Γˆt ≡ e−ih(k)tσyeih(k)t = e−i sin(k)σxσyei sin(k)σx . (H16)
This is of the form in Eq. (H6) with
~w = (sin(k), 0, 0), nx = 0, ~n⊥ = (0, 1, 0). (H17)
It is now straightforward to apply (H8). The integration
over k0 can be performed analytically, and one obtains
that
Tr(Γ2β)
2`
=
(
1− 4
pi
) t
`
θ(`− 2t)
+
2
pi
[
− 2 t
`
+
√
4t2
`2
− 1 + arccsc(2t
`
)]
θ(2t− `). (H18)
The result does not depend on the index β. This is a
feature of the Ne´el state, and it can be derived by ob-
serving that the overlaps between the Ne´el state and the
eigenstates of the XX chain are all equal [59].
In Fig. 11 we check the validity of Eq. (H8). Clearly,
although scaling corrections are present, upon increasing
t, `, one recovers (H8). It is now clear that by using the
large t expansion in (11) and (H18), it is straightforward
to prove (12). Finally, a similar calculation yields the
coherent contribution to the Re´nyi entropies S(α)q as
S(α)q ≈
−αte−2(γ++γ−)t
2pi(1− α)n2∞(n∞ − 1)2((1− n∞)α + nα∞)2
×
((1−n∞)αn∞+ (n∞− 1)nα∞)2−nα∞(1−n∞)α(α− 1)
(H19)
1. Resummation formula
Formula (H8) allows to obtain the behavior of arbi-
trary functions of Γ in the scaling limit. Precisely, let us
consider
TrF(Γ2) =
∑
β
FβTr(Γ2β), (H20)
where we assumed that F(z) is an analytic function of z
with power series expansion F = ∑β Fβzβ around z = 0.
Now, one can use (H8), interchange the order of summa-
tion and integration, to obtain
lim
t,`→∞
t/` fixed
Tr[F(Γ2)]
2`
=∫ pi
−pi
dk0
2pi
max
(
1− 2|′(k0)| t
`
, 0
)
F(nx(k0)2 + |~n⊥(k0)|2)
+
∫ pi
−pi
dk0
2pi
min
(
2|′(k0)| t
`
, 1
)
F(nx(k0)2).
Before applying this result to our problem, it is crucial
to observe that for generic values of the gain/loss rate
γ±, due to the structure of the eigenvalues λi (cf. (4)),
the entropies S(α) are not even functions of the unitarily
evolved eigenvalues ν˜j . Fortunately, this does not happen
in the balanced gain/loss case, i.e., for γ+ = γ−. Then
one has that the function F(z) is given as
F(z) = −1
2
(1− e−(γ++γ−)tz) ln 1
2
(1− e−(γ++γ−)tz)
− 1
2
(1 + e−(γ
++γ−)tz) ln
1
2
(1 + e−(γ
++γ−)tz), (H21)
where γ+ = γ−. A straightforward calculation us-
ing (H21) gives (13). As it is shown in the main
manuscript, although here we proved (13) for γ+ = γ−,
we checked that it holds for arbitrary γ±.
